We present a method to extract M -partie bosonic correlations from an N -partite maximally symmetric state (M < N ) with the help of successive applications of single-boson subtractions. We also propose an experimental photonic setup to implement it that can be done with the present technologies.
Introduction. Recent experimental developments in quantum computing [1] [2] [3] seem to indicate that universal quantum Turing machine is within our reach. However, the universal quantum computer is not the only way to achieve quantum supremacy. One can envisage useful quantum devices that perform only some specific computational tasks such as boson sampling [4, 5] , which is a particular example of a wider concept of linear optical quantum computing (LOQC) [6] . LOQC has entered initial stages of technological implementations with integrated optical circuits [7] offering a much desired miniaturization. It utilizes a purely quantum phenomenon of bosonic indistinguishability and as such is of fundamental significance in our understanding of such systems from information-theoretic point of view.
In this paper we propose a novel, experimentally feasible technique to extract quantum correlations from maximally symmetric bosonic states within LOQC paradigm. Our technique relies on photonic subtraction that has been already experimentally implemented and shown to be useful for entanglement manipulations in photonic systmes [8] [9] [10] [11] . Presented results here further fuse developing LOQC technologies with novel ideas about bosonic correlations and their usefulness in quantum computing.
Basic idea. Maximally symmetric state represents N bosons, each occupying a different mode
. Written in the 1st quantization this state is highly correlated:
..,N , where σ denotes all possible permutations of particle labels. An equivalent state of N distinguishable particles does not have any correlations. It has been shown that some of the correlations in |sym N can be converted into a usable entanglement in certain scenarios [12, 13] . We take these ideas further and show that a tailored bosonic subtraction can generate M -partite entanglement (M < N ).
The intuition behind all the technicalities presented below is that the state |sym N contains a plethora of various correlations that can be extracted by removing a number of bosons. It is similar to a sculptor who chisels away a previsualized shape from a piece of marble. Let us see how it works by showing two consecutive chisel strikes.
The first strike is a subtraction of a boson in a superposition a = N −1 |0 .
(1) The second strike a = N j=1 α j a j further increases the complexity of the resulting state
Although these strikes are neither hermitian nor unitary they are in fact well established experimentally and they correspond to non-deterministic state manipulations (implementation details are discussed below) [8] . We show next that with a proper choice of α's and repetitive strikes we can sculpt away states with tailored correlations. Bipartite correlations. Bosonic correlations are subtle because of the intrinsic symmetrization [14] . In quantum information precessing correlations are treated as a resource that can be manipulated and consumed. In this view not every bosonic state is a consumable resource because bosonic wave function is always symmetric. Therefore, a proper quantification of usable bosonic correlations has to be established. There are a few approaches to this problem and we use the one in [15] [16] [17] [18] .
Consider an arbitrary pure bi-bosonic state
where β ij is a symmetric matrix. It was shown [17] that there is a unitary transformation
In the above formula there are k ≤ d positive coefficients r i ≥ r i+1 that sum up to one. This is the so-called Slater representation analogous to the ubiquitous Schmidt decomposition [19] . The number of non-zero coefficients k is called the Slater rank. The larger the Slater rank the more correlated bosons are and the amount of correlations can be measured by purity defined as P = k i=1 r 2 i . Totally uncorrelated states have P = 1 and the maximally correlated ones come with P = 1 d . To warm up let us begin with the state |sym 4 that we will transform into |φ 4 by consecutive single-boson subtractions
. As mentioned before, subtraction is not deterministic and thus a a |sym 4 is not normalized (post-selected). If one wants to get any other, non-maximally correlated state this can be done by an appropriate choice of a , a .
Generalization to N = 2n bosons goes as follows. We start with |sym 2n and transform it into the maximally correlated two-boson state in the 2n mode space
via a tailored sequence of subtractions
where
Again, |φ 2n can be transformed into its Slater form
with the Slater rank P = 1 2n , which is also the minimal possible value in the 2n-mode scenario (for more details see Appendix).
Multipartite correlations. Multipartite bosonic correlations are difficult to analyze because Slater representation may not exist for a given state [18] . It is exactly the same situation we encounter for multipartite correlations of distinguishable particles where additionally one has many operationally inequivalent classes of correlations. These difficulties appear in already complicated bosonic correlations. Therefore, we focus on two non-equivalent classes of qubit correlations: W and GHZ [20] . To this end, we need to find a proper logical qubits in our multibosonic system. For 2n modes and n bosons we define the kth (k = 1, 2, . . . , n) logical qubit α|0 k + β|1 k as (αa † 2k−1 + βa † 2k )|0 . GHZ correlations. The goal is |sym 2n → |GHZ n where
The sequence of single-boson subtractions is
W correlations. W state appears to be troublesome as we only managed to find a procedure to obtain it from a 4n-boson state |sym 4n . We have some numerical evidence that this method will not work for |sym 2n but the problem remains open.
The target state is
Unlike in all the other cases, this time we need to proceed in two consecutive subtraction steps. The first step is to bring |sym 4n to |stage 1
with the following sequence of subtractions
In the final step, |stage 1 → |W n , we subtract exactly (n − 1) even-indexed and one odd-indexed particles from the modes with the indices ranging from 2n + 1 to 4n
where N is a normalization factor. More detailed description of the above protocols is described in the Appendix. Experimental implementation. The basic operation in our scheme is bosonic subtraction. It was experimentally carried out with photons [8] . The setup uses a simple post-selection procedure (for details see Appendix). A photonic state |ψ is sent into an input port 1 of a high transmittivity beamsplitter (t ≈ 1). A probability that there is a reflection is small and if it happens it is a single photon that triggers a detector in the output port 2, signaling that the photon was subtracted from the input state |ψ (see Fig. 1 ).
Photonic subtraction: photonic state |ψ arrives at the input port 1 of a beamsplitter with high transmittivity (t ≈ 1). Heralded by a click in the output port 2, a single photon is subtracted from the state |ψ and the resulting statê a1|ψ 1 comes out in the output port 1.
Here we discuss our experimental proposal for the sculpting |sym 4 → |φ 4 discussed in Eq. (5).
To subtract a photon in a superposition of modes we use the setup sketched in the insert in Fig. 2 . It is made of four unbiased beamsplitters [generated by Hamilto-
and four photon detectors labeled a, b, c, d. Photons can enter the interferometer thru four input ports also labeled a, b, c, d. If a single photon enters the setup and the detector b clicks then we know that it was in an equal superposition of all four modes
Having mastered subtraction of photons in superposed states we demonstrate how to perform |sym 4 → |φ 4 . It is clear that we need to perform a sequence of subtractions of photonic superpositions as described in the preceding paragraph. Such a sequence can be executed with the setup in Fig. 2 . We feed it with |sym 4 1, 2, 3, 4) . The beamsplitters (BS) have high transmittivity (like in Fig. 1 ) and thus the probability that more then a single photon from |sym 4 is subtracted is small. In most of the experimental runs no detectors in the dashed box clicks. However, if the detector b clicks we have the state Conclusions. Quantum computation and quantum information processing with indistinguishable particles (bosons, fermions) is an active research area. Recent experimental developments in LOQC and their potential for technological implementations bring us one step closer to commercial quantum computing. Here we consider a generic task of creation and manipulation of quantum correlations contained in bosonic states.
The main idea of our paper is to extract operationally accessible quantum correlations from a specific N -boson state |sym N . Correlations in this state have been thought to be of no use in quantum protocols until the very recent developments [12, 13] . Here we show that this state contains a plethora of correlations that can be extracted with a simple operation of particle subtraction. Such an operation is useless for any state made of distinguishable particles or fermions (details in Appendix).
Our proposal can be experimentally implemented with existing technologies, especially that the basic ingredient is the state |sym N -the cornerstone of experimental boson sampling [4] .
Bipartite correlations Four modes
Consider the state
Notice that it can be expressed as
Thus |Ψ 4 is a state of Slater rank 4 with all Slater coefficients of the same absolute value. Its purity equals
which is also the minimal possible value in a four modes scenario. State |Ψ 4 can be obtained in the following sculpting procedure
It is straightforward to generalize the above construction for any even number of modes. To see that, consider the state
|Ψ 2n is a state of Schmidt rank 2n with all Schmidt coefficients of the same absolute value. Its purity equals
which is the minimal possible value in a 2n modes scenario. State |Ψ 2n can be obtained in the following sculpting procedure (−1)
n (a 1 + a 2 + a 3 + a 4 )(a 1 + a 2 − a 3 − a 4 ) . . .
. . . (a 2n−3 +a 2n−2 +a 2n−1 +a 2n )(a 2n−3 +a 2n−2 −a 2n−1 −a 2n ) a What remains to be shown is that all the other terms vanish after the subtractions. To see this, consider the term that emerges when we take a i1 with coefficient c i1 from the first subtraction, a i2 with coefficient c i2 from the second and so on. Let exactly k of these annihilation operators have even indices, denoted e 1 , ..., e k . Then notice that you could have taken each even-indexed annihilation operator a ej with coefficient e 2πi n c ej instead of c ej (this means that we just take them from different subtraction; it is allowed because the relative phases between the coefficients are fixed). Thus the sum over all products of coefficients that lead to the subtraction of a i1 ...a in , which we denote as S, must satisfy S = e 2πi n k S
Unless e 2πi n k = 1 (so unless k=0 or k=n), this means that S = 0, so that the corresponding term vanishes, which completes the proof.
Generation of the W state
In case of the generation of the W state
